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ABSTRACT

We consider the problem of determining the optimal ordering and reordering policy for an inventory
where the entire stock will simultaneously become obsolete at some (typically random) time, T . Many man-
ufacturing, publishing, distribution, and high tech businesses face the challenge of maintaining inventories
that do not age in the conventional sense; instead, they suddenly become obsolete and lose most or all of
their value. These circumstances render traditional inventory analysis unsuitable for balancing reordering
costs with the costs of overstocking. We study a continuous review/stochastic demand obsolescence in-
ventory model, and calculate its optimal control policy. Our solution technique is geared towards problems
with large inventories and small holding costs.

1 Introduction

Many publishers, manufacturing and high tech companies, and information service providers face the
challenge of managing inventory that has the potential of suddenly becoming obsolete. Examples range
from military aircraft spare parts (Hadley and Whitin [6]), to high tech products with limited life cycles
(David, Greenshtein, and Mehrez [4]), and even Swiss watches and breast implants (Joglekar and Lee [7]).

In the literature, most obsolescence inventory models feature periodic review, e.g., Hadley and Whitin
[6], Brown, Lu, and Wolfson [3], Barankin and Denny [1], Pierskalla [9], and Song and Lau [11]. Models
with continuous review include Masters [8], Joglekar and Lee [7], David and Mehrez [5], and David, Green-
shtein, and Mehrez [4]. Most obsolescence inventory models feature stochastic demand, but by assuming a
deterministic demand, the analysis is simplified considerably so that explicit results can be derived that are
otherwise intractable. In particular, David, Greenshtein and Mehrez [4], charactarize optimal policies in a
continuous review obsolescence inventory model with deterministic demand. Their solution is appropriate
in applications where the stochastic component of the demand is not significant.

Jeppesen, recognized as the world’s leading integrated aviation information provider, maintains and
distributes navigational charts to airline pilots worldwide. Changes in navigational information such as
radio frequency changes, approach minimum changes, airspace restructuring, etc., require Jeppesen to
revise the current charts, making the stock in inventory outdated and therefore obsolete. Requests for
navigational charts must be filled immediately, so the inventory is continuously reviewed. The demand
for charts is quite unpredictable in the short-term, so the techniques of [4] do not apply to the Jeppesen
navigational chart inventory problem. The continuous review/stochastic demand obsolescence inventory
problem, which is the proper model for Jeppesen, has not yet been properly addressed in the O.R. literature.

Our mathematical contribution here is a numerically tractable solution for the optimal control policy of
a continuous review/stochastic demand obsolescence inventory problem. Using state of the art algorithms
from Numerical Recipes in C [10], a program was written to calculate the optimal control policies described
in this paper. This code is in production at Jeppesen and is used to generate (and maintain) optimal control
policies for all of the large sized and complex charts in the library. Its implementation has resulted in
significant savings in inventory costs.

In Section 2 we describe our continuous review/stochastic demand obsolescence inventory model. In
Section 3 we present two important special cases of the model that can be (approximately) solved without
the full power of our general solution procedure. In Section 4 we present our general solution procedure.
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In Sections 5 and 6 we describe Jeppesen’s navigational charts that make up the inventories that are subject
to obsolescence, and its legacy inventory planning. In Sections 7 and 8 we present numerical results that
illustrate the kinds of optimal control policies that arise in real-world problems, like Jeppesen navigational
chart inventories. The resulting policies are quite different from the simple cases studied in Section 3.
Finally in Section 9, we discuss implementation of optimal control policies at Jeppesen.

2 The Model

The inventory system supports a single product that has random demand (from “customers”) and a ran-
dom lifetime T (time till obsolescence), with cumulative distribution function F (t). Inventories are re-
stocked when they are depleted by a customer order, or when the old stock becomes obsolete at the end of
an “obsolescence cycle”. The customer demand is a compound Poisson process: orders arrive at rate λ, and
the order sizes, S1, S2, . . ., are i.i.d. with E(S) = µ and V ar(S) = σ2. We assume S has a density function,
g(x). Our analysis is geared towards problems with large inventories and large numbers of orders, so that
an asymptotic approach is appropriate. The assumption that the order size has a density is a harmless
approximation for problems with large inventory levels.

Let τ(ξ) be the (random) time for an inventory of size ξ to be depleted, and let β(ξ, t) be the density
function for τ(ξ). Then

β(ξ, t) = λe−λtP (S > ξ) +

∫ t

0

∫ ξ

0
λe−λsg(u)β(ξ − u, t− s)duds. (1)

As we will see, equation (1) is actually very easy to solve by numerical integration, and if ξ is large
enough, τ(ξ) will be approximately Normally distributed. The following theorem makes this precise.

Theorem
τ(ξ) − (λµ)−1ξ

ν
√
ξ

D−→ N(0, 1), (2)

where
D−→ is convergence in distribution, and

ν2 =
µ2 + σ2

λ2µ3
.

We provide a proof of this theorem in the Appendix. The theorem implies that if ξ is large enough then

β(ξ, t) ≈ 1
√

2πξν2
e
−(t− ξ

λµ
)2/2ξν2

. (3)

Figure 1 illustrates the convergence in (2). Note that in Figure 1D, ξ = 1000 corresponds to only about 20
orders, so the convergence in (2) is quite fast.

If a customer order depletes the remaining inventory before a cycle is complete, the customer receives
what remains, and the product is then reordered. The reordering time is assumed to be negligible. The
reordering cost includes a setup cost and the cost of completing the unhappy customer’s order (which is
considered negligible compared to the setup cost in our model). We define κ(ξ) to be the total reordering
cost (the setup cost plus the cost of manufacturing ξ items), and we assume that κ(0) > 0, i.e., the setup
cost is incurred even if no inventory is ordered. Often a linear function

κ(ξ) = a+ bξ, ξ ≥ 0

accurately reflects the cost of reordering. Finally, we assume that the cost of holding inventory is negligible,
so that the only costs associated with the inventory are the costs of orders and reorders. The zero holding
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Convergence of Inventory depletion time to a Normal Distribution

Figure 1: Convergence of the density function of the time to deplete an inventory
of size ξ, to a Normal distribution, with ξ = 25, 100, 200 and 1000; µ = 50, σ = 28.87
and λ = 1.

cost assumption is valid for Jeppesen navigational chart inventories since maps are small and require no
special storage facilities.

An inventory control policy is specified by a nonnegative real valued function x(t), t ≥ 0. For a given
policy x(t), the inventory level at the start of an obsolescence cycle is set to x(0), and for t > 0, x(t) specifies
how much inventory to order if the inventory is depleted at time t. At time T, any remaining inventory
becomes worthless and a new cycle begins. The goal is therefore to minimize the expected total amount
spent on ordering inventory between times 0 and T. To this end, define c(t) to be the expected cost for the
remainder of a obsolescence cycle under policy x(t) if the inventory runs out at time t < T . It follows that
c(t) is the solution to the following integral equation:

c(t) = κ(x(t)) +

∫

∞

t
β(x(t), u− t)

1 − F (u)

1 − F (t)
c(u)du. (4)

Note that
1 − F (u)

1 − F (t)
= P (T > u | T > t).

The goal is to find the policy, x∗(t), that minimizes the expected cost of the obsolescence cycle starting at
t = 0, i.e., solve the variational problem,

x∗(t) = argminx(t)∈Pc(0), (5)

where P is the set of feasible control policies. The variational problem must be approximated numerically,
even in the simplest cases, although the analysis is much simpler in certain special cases.
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3 Two Special Cases

In Section 4 we will show how to find the optimal control policy when T has an arbitrary distribution.
If the distribution of T has special structure, there may be shortcuts that save computation time and yield
additional insight into inventory problems with obsolescence. We now present two important special cases.

3.1 Exponentially Distributed Obsolescence Time

If F (t) = 1 − e−αt then x∗(t) must be a constant due to the memoryless property of the exponential dis-
tribution. The optimal control problem reduces to determining ξ∗, the optimal inventory level. David and
Mehrez [5] consider this model under the deterministic demand assumption.

Let x(t) = ξ be a constant policy function, and let cξ be the expected cost of an obsolescence cycle under
that policy. Then equation (4) reduces to

cξ = κ(ξ) + cξ

∫

∞

0
β(ξ, t)e−αtdt. (6)

In most problems of interest, ξ∗ will be large enough so that the Normal approximation for β(ξ, t) given
by (3) is very accurate. We can therefore write,

cξ =
κ(ξ)

1 − ψe(ξ)
(7)

where

ψe(ξ) =
1

√

2πξν2

∫

∞

0
e−(t−ξ/λµ)2/2ξν2

e−αtdt. (8)

To find the optimal policy, we set d
dξ cξ = 0, and solve for ξ∗. Figure 2 shows that cξ has a nice convex shape,

so it is easy to find ξ∗ numerically from (7). Figures 3 and 4 show how ξ∗ varies with the setup cost and
per-unit cost, respectively, when κ(ξ) = a+ bξ.

3.2 Deterministic Obsolescence Times

In some applications, T may be known in advance; for example if the inventory has to be updated once a
year. The optimal control policy when T is deterministic can be nicely approximated. The key in this case
is that the optimal policy x∗(t) can be closely approximated by a linear function (e.g., Figure 5), and the
cost function c(t) associated with a linear policy function x(t) is also approximately linear. In other words,
the optimal policy has the form

x∗(t) ≈ ξ∗(1 − t

T
), (9)

where ξ∗ is the optimal initial inventory level, and if a control policy has the form x(t) = ξ(1 − t
T ) then its

cost function has the form,

c(t) ≈ c(0)(1 − t

T
).

Since c(0) is a function of x(t), 0 ≤ t ≤ T , which, in turn, is a function of ξ, we can define

cξ = c(0),

so that equation (4) takes the form

cξ ≈ κ(ξ) +

∫ T

0
β(ξ, u)cξ(1 − u

T
)du. (10)
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Figure 2: Comparison of objective function (cξ = minimum expected cost per cycle)
as a function of initial order size ξ, for the Exponential and Deterministic Obsolescence
cases. Optimal order quantities and associated minimum costs are (6652, $2076) and
(4499, $1519), respectively. Setup cost: $1000, per-unit cost: $0.10, µ = 200, σ = 20 and
λ = 1. For Exponential case, T ∼ Exp(.05); for Deterministic case, T = 20.

Since the optimal initial inventory level ξ∗ is large enough to use the Normal approximation (3), we write

cξ ≈ κ(ξ)

1 − ψd(ξ)
, (11)

where

ψd(ξ) =
1

√

2πξν2

∫ T

0
e−(u−ξ/λµ)2/2ξν2

(1 − u

T
)du. (12)

We solve d
dξ cξ = 0 to find the optimal initial inventory, ξ∗, and this yields the optimal reordering policy (9).

Figure 2 shows that cξ has a nice convex shape, so that ξ∗ is easy to find numerically from (11). Figures 3
and 4 show how ξ∗ varies as a function of the setup cost and per-unit cost, respectively, when κ(ξ) = a+bξ.

4 Numerical Calculation of the Optimal Control Policy

We begin by approximating β(ξ, t) on the rectangle ξ ∈ [0, ξmax], t ∈ [0, tmax]. The value of ξmax is chosen
so that either the Normal approximation (3) is valid when ξ > ξmax, or we are confident that the opti-
mal policy, x∗(t) would never set the inventory level higher than that. The value of tmax is chosen large
enough so that P (T > tmax) is small (preferably zero). If P (T > tmax) > 0 then it is important (for numer-
ical stability) to divide F (t) by F (tmax) so that the resulting function is a proper distribution function on
[0, tmax]. Our algorithm for finding x∗(t) only needs β(ξ, t) in its preliminary stages. After that, the Normal
approximation (3) can be used.

From (1) it follows that β(ξ, 0) = λP (S > ξ), and β(0, t) = λe−λt. Since β(ξ, t) is expressed in terms of
β(u, s) where u < ξ and s < t, if we start on the boundaries, the function can be constructed iteratively by
numerical integration.
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Let 0 = t0 < t1 < · · · < tn−1 < tmax be a partition of [0, tmax], and define tn = tmax. We convert (4) into
a linear system for

c = [c0, c1, . . . , cn−1]
′, where ci = c(ti),

in terms of
x = [x0, x1, . . . , xn−1]

′, where xi = x(ti),

and
κ = [κ0, κ1, . . . , κn−1]

′, where κi = κ(xi),

and the other parameters of the model. In other words, we construct Ψ, an n × n matrix version of the
integrand in (4), i.e.,

Ψij = β(xi, tj − ti)
1 − F (tj)

1 − F (ti)
(tj+1 − tj), 0 ≤ i, j < n, (13)

so that (4) becomes
c = κ+ Ψc. (14)

Since our functions are Riemann integrable, as ξmax and tmax get bigger, and the partitions get finer, the so-
lution c of (14) approaches the solution c(t) of (4). Finding x∗(t) directly from (4) appears to be intractable,
but finding x∗ from (14) can be reduced to a simple dynamic programming procedure, as we will demon-
strate.

There are a few structural properties of our inventory model that make the analysis easier than it at first
appears. For example, Ψ is upper triangular, so “back substitution” can be used to easily determine c from
(14). Furthermore, the system of equations (14) can be explicitly differentiated with respect to xi, yielding

∂c

∂xi
=

∂κ

∂xi
+
∂Ψ

∂xi
c+ Ψ

∂c

∂xi
, i = 0, 1, . . . , n− 1. (15)

Note that
∂cj

∂xi
= 0, i < j, since the cost, cj , does not depend on the policy xi if i < j. Also, only the ith row

of Ψ involves xi, so only the ith row of ∂Ψ
∂xi

has nonzero entries. It therefore follows from (15) that

∂ci
∂xi

= (1 − Ψii)
−1

(

∂κ(xi)

∂xi
+

n−1
∑

k=i

ck
∂Ψik

∂xi

)

, i = 0, 1, . . . , n− 1. (16)

To start the optimization, we set x∗n = 0 and c∗n = κ(0) since no inventory will be ordered if there is no
time left in the obsolescence cycle. To find x∗n−1 we note that cn−1 only depends on xn−1, x∗n and c∗n, so we
can solve

∂cn−1

∂xn−1
= 0

numerically using (16).
At stage i we find x∗i numerically using (16) by solving

∂ci
∂xi

= 0, (17)

where {x∗i+1, x
∗
i+2, . . . , x

∗
n} come from the previous stages. Qualitatively, the cost ci, expressed as a function

of xi, has the same form as the functions shown in Figure 2, since they measure analogous quantities.
Advanced numerical root-finding algorithms can solve (17) quickly and accurately.

Once we have
x∗ = [x∗0, x

∗
1, . . . , x

∗
n−1]

′,

the entire optimal policy is determined. The costs associated with the optimal policy follow from (14).
From (15) we can do a sensitivity analysis of the solution if desired.
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5 Jeppesen Enroute Charts

Jeppesen, whose customers include business, general, and commercial pilots, is recognized as the world’s
foremost provider of integrated aviation information solutions. Its portfolio of products and services in-
cludes: flight information, flight operations services, international trip planning services, aviation weather
services and aviation training systems. Jeppesen’s core competency is the maintenance and distribution of
flight critical aviation information. Due to continual and unpredictable changes in aviation data (airspace
restructuring, changes in approach and departure procedures, radio frequency changes, political condi-
tions, etc.), this information needs to be updated and distributed to its subscribers. Every week, Jeppesen
distributes a collated revision (charts with updated navigation information) to approximately 250,000 sub-
scribers, depending on the geographical regions to which they subscribe. Although Jeppesen offers digital
charts for the world, and the shift to digital is accelerating, the majority of customers continue to rely on
paper. The navigation charts range in size from the standard 8.5” × 5.5” format to sizes that are comparable
to a typical road map. These large format charts are called enroute charts and map the highways of the sky;
they are multi-colored, expensive to print and must be folded to fit into binders. Unlike the smaller 8.5” ×
5.5”, enroute charts currently cannot be printed on print-on-demand systems; they must be produced with
traditional large offset printers that require a large amount of press and plate preparation. For instance, for
an enroute chart that has four colors on the front and back, eight expensive plates would need to be burned
(one for each color and side) before the first chart is printed. Jeppesen has a library of approximately 500
enroute charts and between 5,000 and 150,000 are printed with each weekly revision and sent to customers.
Once charts revise (up to 10 enroute charts can revise in a given two week period), the current inventory
becomes outdated and is disposed of.

6 Legacy Inventory Planning at Jeppesen

Jeppesen faces the classical problem of managing inventory that can suddenly become obsolete and lose
all of its value. The component of the inventory problem that makes managing enroute chart inventories
difficult are new orders. In addition to the known subscription quantities (by enroute chart), Jeppesen must
plan for the extra stock requirements to fulfill new orders for the life of that chart. Average weekly demand
for a given enroute chart can vary between 50 and 800, depending on the geographical region it covers.
Most of its charts have average weekly demand greater than 500. Thus, when printing a newly revised
chart, a significant portion of the total print quantity can be solely for stock (up to 42,000 in many cases).
Traditionally, Jeppesen’s inventory control team based the stock print quantity on historical average weekly
demand and instinct (how long they felt the chart would remain current). They realized that for many
charts they were having to go back on press several times before the chart became outdated (the setup cost
for a press can be as much as $2000). Likewise, the team also experienced situations where an excessive
number of enroute charts were discarded when the chart became obsolete. To add to the complication,
the inventory control team had absolutely no basis for determining the appropriate order quantity when
the inventory of a given chart had become depleted and was still current (stock order). In these cases,
they would order 26 weeks worth of charts regardless of where the chart was in its obsolescence cycle.
Realizing the need to minimize overall costs by improving these order policies, the Operations Research
team at Jeppesen was approached to help find a solution (with collaboration from academia).This research
is the result of our efforts.

7 Optimal Control Policies for Enroute Charts

In order to find the optimal control policy for a given enroute chart, we need its setup and per-unit im-
pression costs, the rate λ at which orders arrive, the density of its order size g(x) and the distribution of
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Figure 5: Optimal order control policy x∗(t) for a chart with deterministic obsolescence
time T = 52 and setup costs: $500, $1000 and $2000. g(x) = Uniform(0, 100) µ = 50, σ = 28.87,
per-unit cost= $0.10. In this example, c∗

0
= $864.82, $1380.57 and $2395.80, respectively.

its obsolescence F (t). For confidential and proprietary reasons, in our numerical results we use fictitious
costs and model parameters. Although the results we present are not precisely the problems being solved
at Jeppesen, they reflect the essence of the work.

Setup costs and per-unit impression costs are readily available on a chart by chart basis. Fortunately,
Jeppesen has historical data on the obsolescence distribution of every chart in the library; this information
was used to empirically estimate F (t). The remaining parameters were estimated using historical sales
information. We model the obsolescence time T as a discrete random variable, with a time unit of 1 week
and λ = 1. Jeppesen must revise every chart at least once a year, so P (T ≤ 52) = 1.

8 Numerical Results

Figure 5 presents the results associated with a chart that has a deterministic (fixed) obsolescence of 52
weeks. This chart has a setup cost ranging from $500 to $2000. The optimal initial order quantity for this
chart with a setup cost of $500 is 3,394. The optimal order quantities corresponding to setup costs $1000
and $2000 are 3,569 and 3,735, respectively. Notice that the initial optimal order quantities do not vary
significantly as the setup cost changes. This is due to the fact that the obsolescence time is fixed at 52
weeks, which is long enough so that the total demand during that time does not deviate far from its mean.

Figure 6 illustrates a chart with equally probable obsolescence at weeks 8, 16, 24 or 32 weeks, and
varying setup costs. This chart has a setup cost ranging from $500 to $2000. This time, the optimal initial
order quantities increase significantly with an increase in setup costs. This follows because the short term
statistical fluctuations in demand are very important. Another interesting aspect of these results is that
there are “jumps” in the optimal policy at weeks 8,16 and 24. This is a direct consequence of the discrete
distribution of the obsolescence time. For instance, once a chart has lasted 8 weeks, it is guaranteed to last
at least another 16 weeks; hence, there is an abrupt adjustment in the optimal order quantity at that point.

Figure 7 depicts the situation when the obsolescence time distribution has mass at T = 5 and T = 32
only. Note the significant jump in the optimal order quantity after week 5. Many enroute charts at Jeppesen
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Figure 6: Optimal control policy x∗(t) for a chart with obsolescence time probability
mass function P (T = 8) = P (T = 16) = P (T = 24) = P (T = 32) = 0.25, and setup
costs: $500, $1000 and $2000. g(x) = Uniform(0, 1000), µ = 500, σ = 288.67, per-unit
cost = $0.10. In this example c∗

0
= $2157.61, $2823.75 and $3989.96, respectively.
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Figure 7: Optimal control policy x∗(t) for a chart with obsolescence probability
mass function P (T = 5) = 0.6, P (T = 32) = 0.4, and setup costs: $400, $500 and
$1000. g(x) = Triangular(0, 100, 500), µ = 200, σ = 108.01, per-unit cost = $0.10.
In this example, c∗

0
= $1054.92, $1287.97 and $1850.53, respectively.
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Figure 8: Optimal control policy x∗(t) for a chart with obsolescence probability
mass function P (T = 10) = 0.671862, P (T = 16) = 0.268745, P (T = 20) = 0.053749,
P (T = 26) = 0.005375, P (T = 52) = 0.000269, g(x) = Uniform(0, 100), µ = 50, σ = 28.87,
per-unit cost = $0.10. In this example, c∗

0
= $2167.15.

exhibit this type of obsolescence; once a chart has lasted a given amount of time, the chart has a high
probability of remaining current for many weeks. These types of charts present challenges in inventory
planning, especially if the planner is attempting to base an order quantity on experience. With such an
obsolescence distribution, Figure 7 reveals how sensitive the optimal order quantity is as a function of
the setup cost. The optimal order quantity jumps from 2,173 to 7,423 in going from a setup cost of $400
to $1000. Figure 8 presents the optimal control policy of a chart where T exhibits both increasing and
decreasing failure rates, depending on where it is in the obsolescence cycle. Figure 9 shows how sensitive
the optimal policy is to the per-unit costs.

9 Implementation at Jeppesen

To be successful with any project at Jeppesen, it is important to communicate to end users the methodology,
assumptions, and limitations of the solution techniques in order to obtain their approval and support to
move forward. This was simple, given the inventory control team’s familiarity and trust of the O.R. group.
It is essential that the stake holders are always informed on the progress of a project and feel ownership in
its successful completion. Once we completed our work, the results were presented to the inventory control
team and put into production. The implementation of the optimal control policy is entirely transparent to
the user. The O.R. team maintains a Microsoft Access database that supplies the optimal control policy for
any given enroute chart. The optimal order quantity is generated by using the computer clock and a given
chart’s last revision date; the tool automatically determines where the chart is in its obsolescence cycle and
evaluates its optimal control policy at that point. The planner does not have to do any calculations or even
look at a graph. Providing solutions that are user friendly and uncomplicated to the end user is also critical
for success at Jeppesen. Now the inventory control team can easily access optimal order quantites for any
enroute chart at any point in its obsolescence cycle (or when it revises). Based on an analysis comparing
legacy ordering policies with the ones presented in this paper, Jeppesen can expect to reduce its yearly
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Figure 9: Optimal control policy x∗(t) for a chart with obsolescence probability
mass function P (T = 14) = 0.2, P (T = 16) = 0.3, P (T = 25) = 0.4, P (T = 32) = 0.1
and per-unit cost: $0.10, $0.25 and $0.50. g(x) = Triangular(0, 100, 500), µ = 200,
σ = 108.01, setup cost = $1000. In this example, c∗

0
= $1794.37, $2752.80 and $4118.45,

respectively.

expenditure on maintaining their enroute chart inventory by $200,000.
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Appendix

Theorem
τ(ξ) − (λµ)−1ξ

ν
√
ξ

D−→ N(0, 1), (18)

where

ν2 =
µ2 + σ2

λ2µ3
.

Proof: Let uξ be the number of customer orders required to deplete an inventory of size ξ, i.e.,

uξ = min{k :
k
∑

i=1

Si ≥ ξ}.

The Central Limit Theorem for renewal processes, Billingsley [2], yields

uξ − µ−1ξ

σµ−3/2
√
ξ

D−→ N(0, 1). (19)

The trick is to write
τ(ξ) − (λµ)−1ξ

ν
√
ξ

=
τ(ξ) − λ−1uξ + λ−1uξ − (λµ)−1ξ

ν
√
ξ

(20)

and

τ(ξ) =

uξ
∑

i=1

wi + δ(
√

ξ) (21)

where {w1, w2, . . .} are the times between orders, and δ(
√
ξ)/

√
ξ → 0 a.s.. Since E(wi) = λ−1 and

V ar(wi) = λ−2, equations (20) and (21) imply

τ(ξ) − (λµ)−1ξ

ν
√
ξ

=

(

∑uξ

i=1 wi − λ−1uξ

λ−1√uξ

)(

λ−1√uξ

ν
√
ξ

)

+

(

uξ − µ−1ξ

σµ−3/2
√
ξ

)

(

σµ−3/2

λν

)

+
δ(
√
ξ)

ν
√
ξ

(22)

= A ·B + C ·D + E. (23)

The (traditional) Central Limit Theorem shows that A converges in distribution to a standard Normal. The
Strong Law of Large numbers shows that B converges to 1/λν−1√µ a.s.. Equation (19) shows that C
converges in distribution to a standard Normal. Quantity D is a constant and E converges a.s. to zero.
Since the random variables in the first term and in the second term are independent (inter-order times vs
order sizes) we find that

τ(ξ) − (λµ)−1ξ

ν
√
ξ

D−→ N(0, v2)

where
v2 = λ−2ν−2µ−1 + σ2λ−2ν−2µ−3 = 1,

and the theorem is proven.
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